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Monotone operators
Throughout this talk

X is a real Hilbert space

with inner product (-, -), and induced norm ||-]|.
Recall that an operator A: X = X is monotone if

(x,u),(y,v) €EgrA= (x—y,u—v) >0.

Recall also that a monotone operator A is maximally monotone if A cannot
be properly extended without destroying monotonicity.
In the following we assume that

A and B are maximally monotone operators on X.

The problem:
Find x € X such that

x € zer(A+ B) := (A+ B)"1(0).



Connection to optimization

The problem:
Find x € X such that

x € zer(A+ B) :== (A+ B)"1(0).

When A and B are subdifferential operators we recover the setting of
many optimization problems,

We shall use 1y and Ny to denote the indicator function and the normal cone operator
of a nonempty closed convex subset U of X.



Connection to optimization

The problem:
Find x € X such that

x € zer(A+ B) :== (A+ B)"1(0).

When A and B are subdifferential operators we recover the setting of
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Connection to optimization

The problem:
Find x € X such that

x € zer(A+ B) :== (A+ B)"1(0).

When A and B are subdifferential operators we recover the setting of
many optimization problems, for instance:
» Choosing A =9df and B = di¢c = N, the sum problem reduces to
solving the constrained convex optimization:

minimize f(x) ,

subject to x € C } — find x € X such that 0 € (3f + N¢)x.

» Choosing A =9diy = Ny and B = dtyy = Ny, the sum problem reduces
to solving the convex feasibility problems:

find x such x € UNV — find x € X such that 0 € (Ny + Ny)x.

We shall use 1y and Ny to denote the indicator function and the normal cone operator
of a nonempty closed convex subset U of X.



Firmly nonexpansive operators and resolvents

Definition (resolvent and reflected resolvent)
The resolvent and the reflected resolvent of A are the operators

Ja=(d+A)"L, Ry:=2J4—1Id.

Let T: X — X. Then T is nonexpansive if | Tx — Ty|| < |[[x —y
T is firmly nonexpansive if || Tx — Ty||2 + ||(Id = T)x — (Id — T)sz < ||X -y
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Definition (resolvent and reflected resolvent)
The resolvent and the reflected resolvent of A are the operators

Ja=(d+A)"L, Ry:=2J4—1Id.

Example

> Let f: X — |—o00, +0c0] be proper lower semicontinuous convex
function. Let A := df = Ju = (Id +9f) "1 = Proxs, where Prox is the
Moreau prox operator of the function f.

> Suppose that U is a nonempty closed convex subset of X. Let
A= Ny = Ja = (Id+Ny)~! = Prox,, = Py.
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Firmly nonexpansive operators and resolvents

Definition (resolvent and reflected resolvent)
The resolvent and the reflected resolvent of A are the operators

Ja=(d+A)"L, Ry:=2J4—1Id.

Example

> Let f: X — |—o00, +0c0] be proper lower semicontinuous convex
function. Let A := df = Ju = (Id +9f) "1 = Proxs, where Prox is the
Moreau prox operator of the function f.

» Suppose that U is a nonempty closed convex subset of X. Let
A= Ny = Ja= (Id+Ny)~1 = Prox,, = Py.

Fact

Ja is firmly nonexpansive and Rj is nonexpansive.

Let T: X — X. Then T is nonexpansive if || Tx — Ty| < ||x —
T is firmly nonexpansive if || Tx — Ty||? + ||(Id = T)x — (Id — T)yH2 < ||X -y



The Douglas—Rachford splitting operator

The Douglas—Rachford splitting operator associated with the ordered pair
(A B)is

T:=Tag:=1d—Js+JgRa = 5(Id+RgRa).

The resolvent and the reflected resolvent of A are the operators J := (Id +A)~! and
Rp = 2J4 — Id, respectively.
zer(A+ B) = (A+ B)~1(0).
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The Douglas—Rachford splitting operator

The Douglas—Rachford splitting operator associated with the ordered pair
(A B)is

T:=Tag:=1d—Js+JgRa = 5(Id+RgRa).

» T is firmly nonexpansive.

» Thanks to Combettes, we know

JA(Fix T) = zer(A+ B).

The resolvent and the reflected resolvent of A are the operators J := (Id +A)~! and
Rp = 2J4 — Id, respectively.
zer(A+ B) = (A+ B)~1(0).



Known results

Suppose that

zer(A+ B) = {x € X | 0€ Ax+ Bx}# @.
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Known results

Suppose that
zer(A+ B) = {x € X | 0€ Ax+ Bx}# @.
» Combettes (2004) Ja(Fix T) = zer(A+ B). Consequently,
Fix T # @ < zer(A+ B)# .
» Krasnosel'skii-Mann (1950s)
T"x Kk/y) some point in Fix T # zer(A+ B).

» Lions—Mercier (1979) and Svaiter (2011)

JaT"x ——— some point in zer(A+ B).
weakly



DR for two lines in R3

A= Ny, B=Ny and T = Id—Py + Py (2Py — Id).

U = the blue line,
V = the red line,
(T"x0)nen = the red sequence,

(PyT"x0)neN = the blue sequence.
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Motivation

Recall that when
zer(A+ B)# @

we have:
» Combettes (2004) J4(Fix T) = zer(A+ B). Consequently,

Fix T # @ < zer(A+ B)# .
» Krasnosel'skii-Mann (1950s)

T"x ——— some point in Fix T # zer(A+ B).
weakly

» Lions—Mercier (1979) and Svaiter (2011)

JaT"x ——— some point in zer(A+ B).
weakly

» Question: What happens when zer(A+ B)= @ ?



Inconsistent feasibility problem

Not every sum problem admits a solution:

» Suppose that U and V are nonempty closed convex subsets of X such
that UNV = @.

v

Set A:= Ny and B := Ny,.

Then zer(A+B) = (A+B)"1(0)=UNV = 2.
By an earlier fact! we have zer(A+ B) = @ < Fix T = .

v

v

'Fact (Combettes (2004)): Ja(Fix Tag) = zer(A+ B).



The w-perturbed problem

Let w € X and x € X. The corresponding inner and outer perturbations of A
are
Apx = A(x — w) and yAx == Ax — w.

10



The w-perturbed problem

Let w € X and x € X. The corresponding inner and outer perturbations of A

are
Apx = A(x — w) and ,Ax := Ax — w.

The w-perturbed problem associated with (A, B) is to find a point in the set
of zeros

Z, = zer (WA By) = (wA+ Bw) ' (0)
= {XEX ‘ WGAXJrB(X—W)}.
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The w-perturbed problem

Let w € X and x € X. The corresponding inner and outer perturbations of A
are
Apx = A(x — w) and ,Ax := Ax — w.

The w-perturbed problem associated with (A, B) is to find a point in the set
of zeros

Zy = zer (WA, By) = (WA + Bw)il(o)
={xeX|weAx+B(x—w)}.
Proposition

Zy #D < weran(ld—T).
Corollary

{weX|Zy#o}=ran(ld—T).

10



The normal problem: Definition

The normal problem associated with (A, B) is to find a point in the set of
zeros

Z, = zer (LA B,) = (VA+B,) H(0) = {x € X | veEActB(x—v)}.
where
V= V() = Pran(id—7)(0)

is the minimal displacement vector of (A, B) and the set of normal solutions
is Zy = Zy py-
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where
V= V(a8) = Pran(id—1)(0)

is the minimal displacement vector of (A, B) and the set of normal solutions
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> The normal problem is well defined: Indeed, Id — T is maximally
monotone and consequently fan(ld —T) (Fact) is closed and convex.
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where
V= V(a8) = Pran(id—1)(0)

is the minimal displacement vector of (A, B) and the set of normal solutions
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> The normal problem is well defined: Indeed, Id — T is maximally
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The normal problem: Definition

The normal problem associated with (A, B) is to find a point in the set of
zeros

Z, = zer (LA B,) = (VA+B,) H(0) = {x € X | veEActB(x—v)}.

where
V= v(ap) = Pan(d—1)(0)
is the minimal displacement vector of (A, B) and the set of normal solutions
is Z, = ZV(A,B)'
> The normal problem is well defined: Indeed, Id — T is maximally
monotone and consequently fan(ld —T) (Fact) is closed and convex.

> T(vAva) = va = T( + V).
» If (A, B) = (dty,dty) = (Ny, Ny) then

vV = PW(O) and ZV: Uﬂ(V“‘ V)

11



Motivation

Recall that U N V could be possibly empty. We recall also that

v = Py=y(0) = Pan(q—1)(0).

In the following we assume that

veran(ld—T).

T_,=T(+v).
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Motivation

Recall that U N V could be possibly empty. We recall also that

v = Py=y(0) = Pan(q—1)(0).

In the following we assume that
veran(ld—T).

So far we have:
» (Vx €X) T'x — T"1x — v. (Fact)
» (Vx € X) Py((T-,)"x+ v) — a best approximation solution. (Fact)

Question: Can we come up with one algorithm that finds a best
approximation solution and the gap vector (or even just a best approximation
solution)?

T_,=T(+v).
12



Motivation

Fact (Pazy (1970))

Suppose that T : X — X is nonexpansive such that Fix T = &. Then
(Vx € X) || T"x|| = +o0.

Let T: X — X. Then T is nonexpansive if || Tx — Ty|| < ||[x — y]||.
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Motivation

Fact (Pazy (1970))
Suppose that T : X — X is nonexpansive such that Fix T = &. Then
(Vx € X) || T"x|| = +o0.

Fact (Bauschke-Combettes-Luke (2004))

Suppose that U and V' are nonempty closed convex subsets of X such that
UNV =a. Then (Vx € X) the shadow sequence (PyT"x),cN is bounded
and its weak cluster points lie in UN (v + V), hence are best approximation
solutions.

Let T: X — X. Then T is nonexpansive if || Tx — Ty|| < ||[x — y]||.
13



The case of infeasible affine subspaces: Example

Figure: A GeoGebra snapshot. Two nonintersecting affine subspaces U (blue line)
and V (red line) in R3. Shown are also the first few iterates of (T"xg),eN (red
points) and (Py T"xg)neN (blue points).

14



New useful identities
Let (a, b, z) € X3. Then

212 = |z —a+ b||2+|ja— b||? +2(a,z— a) +2(b,2a — z — b).
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New useful identities
Let (a, b, z) € X3. Then

212 = |z —a+ b||2+|ja— b||? +2(a,z— a) +2(b,2a — z — b).

Theorem
Let x € X and let y € X. Then

b =yl = 1 T = Ty|I2 +11(1d = T)x — (1d = T)y||?
+ 2<JAX — JAy, JA—lX — JA—1y>
+ 2<JBRAX — JgRay, ./371 Rax — JBf1 RAy>.

Proof.
Apply the above identity with (a, b, z) replaced by
(Uax — Jay, JgRax — JgRay, x — y) and use that T = Id —Js + JgRa.

O

15
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New useful identities
Theorem
Let x € X and let y € X. Then
Ix =y 7 = | Tx = Ty|? +11(d = T)x — (id = T)y||?
+2 <JAX — JAy, JA—lX — JA—1y>
>0
+2(JgRax — JgRay, Jg-1Rax — Jg-1Ray) .
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New useful identities
Theorem
Let x € X and let y € X. Then
Ix =y 7 = | Tx = Ty|? +11(d = T)x — (id = T)y||?
+2 <JAX — JAy, JA—lX — JA—1y>
>0
+2(JgRax — JgRay, Jg-1Rax — Jg-1Ray) .

>0

Corollary
Let x € X and let y € X. Then the following hold:
(ld=T)T"x—(d=T)T"y — 0,
(JAT"x = JaT"y, g1 T"x —Jp-1 T"y) — 0,
<JBRA T"x — JgRp T”y, JB—IRA T"x — JBfl Ra Tny> — 0.

Proof.

This follows from the above theorem by telescoping.

16



New Fejér monotonicity principle

Lemma
Suppose that

» E is a nonempty closed convex subset of X,
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Lemma
Suppose that
» E is a nonempty closed convex subset of X,
> (Xn)neN is @ sequence in X that is Fejér monotone with respect to E,
ie.,
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> (up)peN is a bounded sequence in X such that its weak cluster points
lie in E,
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New Fejér monotonicity principle

Lemma
Suppose that

» E is a nonempty closed convex subset of X,

> (Xn)neN is @ sequence in X that is Fejér monotone with respect to E,
ie.,

(Ve € E)(Vn e N) |1 —ell < [lxn —e,

> (up)peN is a bounded sequence in X such that its weak cluster points
lie in E,
> and
(Ve € E) (u,—e, up,—x,) — 0.

Then (up) e converges weakly to some point in E.
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New Fejér monotonicity principle

Lemma
Suppose that

» E is a nonempty closed convex subset of X,

> (Xn)neN is @ sequence in X that is Fejér monotone with respect to E,
ie.,

(Ve € E)(Vn e N) |1 —ell < [lxn —e,

> (up)peN is a bounded sequence in X such that its weak cluster points
lie in E,
> and
(Ve € E) (u,—e, up,—x,) — 0.

Then (up) e converges weakly to some point in E.
Remark

(Xn)neN = (Un)nen = we recover the classical Fejér monotonicity principle!
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New Fejér monotonicity principle: proof

» Step 1: (V(er, &) EEXE) (ep—e1, up—xn) =
(un —e1,up — xn) — (up — €, up — xn)— 0.

Lemma: Suppose that E is a nonempty closed convex subset of X, that (x,),cn is a
sequence in X that is Fejér monotone with respect to E, i.e.,
(Ve € E)(Vn€N) |[xnq1 — €]l < ||xn — €|, that (u,)nen is a bounded sequence in X
such that its weak cluster points lie in E, and that (Ve € E) (u, — e, x, — u,) — 0. Then
(un)pen converges weakly to some point in E.

18
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New

>

Fejér monotonicity principle: proof

Step 1: (V(e1,e2) € EXE) (ep—e1,up—xn) =

(un —e1,up — xn) — (up — €, up — xn)— 0.

Step 2: Obtain four subsequences (x4 ) N, (X)) nen, (Uk,)nen and
(u),)nen such that x,, — X1, x;, — X2, ug, — e; and u;, — ep. Taking
the limit in view of Step 1 along these subsequences we have
(ep—e1,e1—x1) =0=(ep — e1, e — X») hence

lex —e1]]? = (e2 — e1, 2 — x1).

We recall the following fact: Let (x,),cn be a sequence in X that is Fejér
monotone with respect to a nonempty closed convex subset C of X. Let wy
and ws be weak cluster points of (x,)pen. Then wy —ws € (C— C)L.

Lemma: Suppose that E is a nonempty closed convex subset of X, that (x,),cn is a

sequence in X that is Fejér monotone with respect to E, i.e.,
(Ve € E)(Vn€N) |[xnq1 — €]l < ||xn — €|, that (u,)nen is a bounded sequence in X

such
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(un)pen converges weakly to some point in E.
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(ep—e1,e1—x1) =0=(ep — e1, e — X») hence

lex —e1]]? = (e2 — e1, 2 — x1).

We recall the following fact: Let (x,),cn be a sequence in X that is Fejér
monotone with respect to a nonempty closed convex subset C of X. Let wy
and ws be weak cluster points of (x,)pen. Then wy —ws € (C— C)L.

Step 3: Since {e1, e2} C E, applying the previous fact with (wy, ws, C)
replaced by (x1, X2, E) we conclude that (e — e1, xo — x1) = 0.

Lemma: Suppose that E is a nonempty closed convex subset of X, that (x,),cn is a

sequence in X that is Fejér monotone with respect to E, i.e.,
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(un —e1,up — xn) — (up — €, up — xn)— 0.
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(u),)nen such that x,, — X1, x;, — X2, ug, — e; and u;, — ep. Taking
the limit in view of Step 1 along these subsequences we have
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lex —e1]]? = (e2 — e1, 2 — x1).

We recall the following fact: Let (x,),cn be a sequence in X that is Fejér
monotone with respect to a nonempty closed convex subset C of X. Let wy
and ws be weak cluster points of (x,)pen. Then wy —ws € (C— C)L.
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replaced by (x1, X2, E) we conclude that (e — e1, xo — x1) = 0. By
Step2, e1 = eo.

Lemma: Suppose that E is a nonempty closed convex subset of X, that (x,),cn is a

sequence in X that is Fejér monotone with respect to E, i.e.,
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18



Application to the convex feasibility problem

Theorem

Suppose that U and V' are nonempty closed convex subsets of X, and that
UNn(v+V)#@. Let x € X. Then (PyT"x),cNn converges weakly to
some point in UN (v + V).

When A= Ny and B= Ny we have T = Tag = Id —Py + Py(2Py — Id).
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Application to the convex feasibility problem

Proof continued.

» Fact: (T"x+ nv),en is Fejér monotone w.r.t. UN (v + V).

Lemma: Suppose that E is a nonempty closed convex subset of X, that (x,),cn is a
sequence in X that is Fejér monotone with respect to E, i.e.,
(Ve € E)(Vn € N) |[xnq1 — €]l < ||xn — €|, that (u,)nen is a bounded sequence in X
such that its weak cluster points lie in E, and that (Ve € E) (u, — e, x, — u,) — 0. Then
(un)pen converges weakly to some point in E.
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Application to the convex feasibility problem

Proof continued.

» Fact: (T"x+ nv),en is Fejér monotone w.r.t. UN (v + V).

» Fact: (PyT"x)pen is bounded and its weak cluster points lie in
un(v+V).

> We just proved

(PuT"x— 'y (T"x+nv) —PyT"x) — 0.

| m I |
Up un(v+Vv) Xn Un

» Apply the Fejér monotonicity lemma with (E, (u5) e, (X0) nen)
replaced by (UN (v+ V), (PyuT"x)pen, (T"x + nv) peN).

O

Lemma: Suppose that E is a nonempty closed convex subset of X, that (x,),cn is a
sequence in X that is Fejér monotone with respect to E, i.e.,
(Ve € E)(Vn€N) |[xnq1 — €]l < ||xn — €|, that (uj)nen is a bounded sequence in X
such that its weak cluster points lie in E, and that (Ve € E) (u, — e, x, — u,) — 0. Then
(un)pen converges weakly to some point in E.
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Example

Figure: A GeoGebra snapshot. U and V are two nonintersecting sets in R2. Also,
the first few iterates of the governing sequence (T"x),cn (red points) and the
shadow sequence (Py T"x),en (blue points) are shown.
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The Douglas—Rachford operator for two affine subspaces

In the following we set

Tuv = Tny.ny
where U and V' are nonempty closed convex subsets of X.
Proposition

Suppose that U and V are affine subspaces of X. Set A= Ny, B = Ny,
and T := Ty,v. Let x € X. Then the following hold.

(i) ve (parU)*t N (par V)*.

Let U be an affine subspace of X. Then parU = U — U.
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The Douglas—Rachford operator for two affine subspaces

In the following we set
Tuv = Tny.ny
where U and V' are nonempty closed convex subsets of X.

Proposition

Suppose that U and V are affine subspaces of X. Set A= Ny, B = Ny,
and T := Ty,v. Let x € X. Then the following hold.

(i) v (parU)*+ N (par V)=,
(II) (\V/DC S ]R) Pyx = Pu<X+OéV).
(i) (Vn€N) T"x+nv=T[ . \x

Let U be an affine subspace of X. Then parU = U — U.
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Convergence of the shadows

Theorem
Let x € X. Then the following hold.

(i) (VneN) PyT"x = PyT[, . X

(i) PuT"x = Pyn(ysv)x. If par U+ par V is closed then the convergence
is linear with rate cg(par U, par V) < 1.

The cosine of the Friedrichs angle between par U and par V is cf :=
sup {|(u, v)| | u € par UN (par UNpar V)*, v € par VN (par UNpar V)1, ||ul| <1, |v|| <1}
23
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Sketch of the proof (continued)

(ii): We want to show that Py T"x — Pyq(qv)x.

Fact (Bauschke, Cruz, Nghia, Phan, Wang (2014))

Suppose that U and V are closed affine subspace of X such that UNV # &. Then
T"x = Prix7x, PuT"x — Pynvx, and Py T"x — Pyqyx. If par U+ par V is
closed then the convergence is linear with rate cg(par U, par V) < 1.

CF =
sup {|{u, v)| | u € par UN (par UNpar V)*, v € par VN (par UNpar V)L, |Ju]| <1, |v| < 1}
2
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UN(v+ V)# &, we can apply the above fact to the sets U and v + V
toget PyT( , yx— PUQ(VJFV)X.

CF =
sup {|{u, v)| | u € par UN (par UNpar V)*, v € par VN (par UNpar V)4, |lul| <1, ||v|] <1}
2



Sketch of the proof (continued)

(ii): We want to show that Py T"x — Pyq(qv)x.

Fact (Bauschke, Cruz, Nghia, Phan, Wang (2014))
Suppose that U and V are closed affine subspace of X such that UNV # &. Then
T"x = Prix7x, PuT"x — Pynvx, and Py T"x — Pyqyx. If par U+ par V is
closed then the convergence is linear with rate cg(par U, par V) < 1.
Step 1: Since U and v + V are closed affine subspace of X and
UN(v+ V)# &, we can apply the above fact to the sets U and v + V
toget PyT( , yx— PUQ(HV)X.
Step 2: Using (i) we have Py T"x = Py T} ,, %, which when combined with
step 1 proves the claim.

CF =
sup {|{u, v)| | u € par UN (par UNpar V)*, v € par VN (par UNpar V)4, |lul| <1, ||v|] <1}
2



Sketch of the proof (continued)

(ii): We want to show that Py T"x — Pyq(qv)x.

Fact (Bauschke, Cruz, Nghia, Phan, Wang (2014))

Suppose that U and V are closed affine subspace of X such that UNV # &. Then
T"x = Prix7x, PuT"x — Pynvx, and Py T"x — Pyqyx. If par U+ par V is
closed then the convergence is linear with rate cg(par U, par V) < 1.
Step 1: Since U and v + V are closed affine subspace of X and
UN(v+ V)# &, we can apply the above fact to the sets U and v + V
to get PuT() . vx = Pyn(vyv)X.
Step 2: Using (i) we have Py T"x = Py T[) . \,x, which when combined with
step 1 proves the claim.
Step 3: Finally notice that par(v + V) = par V, hence if par U + par V is closed
then the convergence is linear with rate cg(par U, par V) < 1, where cg
is the cosine of the Friedrichs angle between U and V.

CF =
sup {|(u, v)| | u € par UN (par UNpar V)*, v € par VN (par UNpar V)1, ||ul| < 1, |v|| <1}
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When one set is an affine subspace

Recall that
v = Py=—(0) €ran(ld—T).

Theorem (convergence of DRA when U is a closed affine
subspace)

Suppose that U is a closed affine subspace of X and that V is a nonempty
closed convex subset of X. Let x € X. Then

(i) The shadow sequence (PyT"x)ncN converges weakly to some point in
un(v+v).

(i) No general conclusion can be drawn about the sequence (Py T"x)peN-
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Example

To prove: No general conclusion can be drawn about the sequence
(Py T"x)peN- Recall that we proved the weak convergence of
(PyT"x)peN to a best approximation solution.

Example

Suppose that X = R2, that e,

U =R x {0} and that

V =epi(|-|+1). Then v T,
UNYV = & and for the starting

point x € [—1,1] x {0} we have Ty
(Vne{l1,2,...})

T"x = (0,n) € V and therefore 1T
1Py Tox] = [ Tl = n— oo " N
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Application to the convex feasibility problems
for more than two sets

Theorem
Suppose that V1,..., V) are closed convex subsets of X. Set X = XM

U={(x,....x) eX|xeX} and V=Vyx-xVy. Let
=Id—Py + Py(2Py — Id), let x € X and suppose that

v=(v1,...,vy) = Pg=y0 € U—V. Then the shadow sequence

(PUT”x),,E]N converges to X = (X,...,X) € UN (v+ V), where

M M _ . .

xeNili(vi+ V) andx is a /east—squares solution of

M
. ... 2
find a minimizer of E ) dy,.
1=

27



Application to the convex feasibility problems
for more than two sets

Figure: A GeoGebra snapshot. The DRA finds a point in the generalized
intersection. Shown are the original sets as well the translated sets that forms this
intersection.
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And beyond feasibility!

Theorem
Suppose that

> U is a closed affine subspace of X,

» A= Ny, that B is rectangular,

> v = Pap(g—7)0 € ran(ld —T),

» zer(,A) Nzer(B,) # @ and

> all weak cluster points of (JAT"x)peN = (PyT"X)penN lie in Z,.

Let x € X. Then (JAT"x)neN = (PuT"x)neN converges weakly to some
point in Z,.

Let C: X =2 X. Then C rectangular (this is also known as paramonotone) if A is
monotone and we have the implication

(x,u)cgrC

(y,v) €grC } = {(X, v), (v, U)} CegrC.
(x—y,u—v)=0
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How far could the results be generalized?

» Known: U and V are (possibly nonintersecting) nonempty closed
convex subsets = (PyT"x)neN is bounded and its weak cluster points
are normal solutions.
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b e U~ {0} and that B: X — X: x — b.
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Example
Suppose that U is a closed linear subspace of X, that A := Ny, that
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How far could the results be generalized?

» Known: U and V are (possibly nonintersecting) nonempty closed
convex subsets = (PyT"x)neN is bounded and its weak cluster points
are normal solutions.

» New results: U and V are nonempty closed convex subset (possibly
nonintersecting) = (PyT"x)n,eN converges weakly to a best
approximation solution.

» Still open: What happens in the case of general subdifferential
operators, i.e., when A and B are subdifferential operators of convex
functions that are not necessarily indicator functions?

Example

Suppose that U is a closed linear subspace of X, that A := Ny, that
b e U~ {0} and that B: X — X: x — b.

> Recall that v = Pegd - 1)0 = Pean(py)0 = b— Pyib =b #0,ie.,
the sum problem (find x € X such that 0 € Ax + Bx) is inconsistent.
However, v = b € b+ Ut =ran(ld —T), hence Z, # @.

» One can show that (Vn € N) T"x = Pyx — nb, hence || T"x|| — +oo.
» Consequently, Py T"x= T"x, hence ||PyT"x| — +oo (unbounded!).

30



Convergence of shadows: Brief literature review

> Krasnosel'skii-Mann (1950s)

T"x ——— some point in Fix T # zer(A+ B).
weakly
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Convergence of shadows: Brief literature review

> Krasnosel'skii-Mann (1950s)

T"x ——— some point in Fix T # zer(A+ B).
weakly

» Combettes (2004) Ja(Fix T) = zer(A+ B).

» Lions—Mercier (1979) The bounded sequence (JaT"x)peN has its weak
cluster points lie in zer(A+ B) provided that A+ B is maximally
monotone.

» Svaiter (2011)

JaT"x —— some point in zer(A+ B).
weakly
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Attouch—Théra duality and the Douglas—Rachford operator

The (Attouch—Théra) dual problem for the ordered pair (A, B) is to find a
zero of A~ + B~©, where B := (—Id) 0 Bo (—Id). The primal
(respectively dual) solutions are the solutions to the primal (respectively dual)
problem given by

Z:=zer(A+B) and K:=zer(A"1+B~Y),
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zero of A~ + B~©, where B := (—Id) 0 Bo (—Id). The primal
(respectively dual) solutions are the solutions to the primal (respectively dual)
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Z:=zer(A+B) and K:=zer(A"1+B~Y),

Fact (Eckstein (1989))

T(A,B) = T(A_I,B_®)'
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Attouch—Théra duality and the Douglas—Rachford operator

The (Attouch—Théra) dual problem for the ordered pair (A, B) is to find a
zero of A~ + B~©, where B := (—Id) 0 Bo (—Id). The primal
(respectively dual) solutions are the solutions to the primal (respectively dual)
problem given by

Z:=zer(A+B) and K:=zer(A"1+B~Y),

Fact (Eckstein (1989))
T(A,B) = T(A71,3_®) — T.

Corollary
Zx K=Jx(FixT) x Jy1(Fix T).

Proof.
Combine Combettes's result (Z = J4(Fix T)), applied to the primal and the
dual problems, with Eckstein’s above result.

Cl
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Shadows’ convergence: Useful identities
Recall that we proved earlier the useful identity:

Ix =yl = | T = Ty|I2 +11(1d = T)x = (1d = T)y||?

+ 2<JAX — JAy, JA—lX — JA—1y>
+ 2<JBRAX — JgRay, JBfl Rax — JB—I RAy>.
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Shadows’ convergence: Useful identities
Recall that we proved earlier the useful identity:

I = y17 = ITx = T[>+ [|(1d = T)x = (Id = T)y]|?
+2(dax — Jay, Jp1x — Jp1y)
+ 2<JBRAX — JgRay, JBflRAX — JB—I RAy>.
Using the inverse resolvent identity Jq + J4-1 = Id, write:
[ x —)/H2: [Jax — Jay + Jp1x — JA*U/H2
= HJAX — JAyH2 + HJAJX — JAflsz + 2<JAX —Jay, Jp-1x — JA71y>.
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Shadows’ convergence: Useful identities
Recall that we proved earlier the useful identity:

Ix =y [? = [ Tx = Tv|* + [[(ld = T)x = (Id = T)y|]?
+2(Jax — Jay, Ja1x — Jp1y)
+2(JgRax — JgRay, Jg-1Rax — Jg-1Ray).
Using the inverse resolvent identity Ja + J4-1 = Id, write:
Ix = y|[2= || Jax = Jay + Ja-1x — Jp-1y]|?
= [[Jax = Jay 1> + [1a-1x = Ja-1y (1> + 2(Jax — Jay, Ja-1x = Jpry).
and
1T = TyIP= ([ JaTx = JaTy[I? + [l da-1 Tx = Jpa Ty||?
+2(IaTx — JaTy, g1 Tx — Jy1 Ty).
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Shadows’ convergence: Useful identities
Recall that we proved earlier the useful identity:

Ix =y [? = [ Tx = Tv|* + [[(ld = T)x = (Id = T)y|]?
+2(Jax — Jay, Ja1x — Jp1y)
+2(JgRax — JgRay, Jg-1Rax — Jg-1Ray).
Using the inverse resolvent identity Ja + J4-1 = Id, write:
Ix = y|[2= || Jax = Jay + Ja-1x — Jp-1y]|?
= [[Jax = Jay 1> + [1a-1x = Ja-1y (1> + 2(Jax — Jay, Ja-1x = Jpry).
and
[T = TyP=JaTx = JaTy|> + [[Ja-1 T — Jaa Ty |12
+2(IaTx — JaTy, g1 Tx — Jy1 Ty).

Substituting in the first identity and simplifying yields:
[ax = Jay |12 + [ Ja-1x = a1y [ = [1a Tx = JaTy|* = [ Ja1 Tx = Jaa Ty |2

=[[(1d =T)x — (Id =T)y||> 4+ 2(JaTx — JaTy, Jy 1 Tx — Jy1 Ty)
+ 2<JBRAX —JgRay, Jg-1Rax — Jg—1 RAy>.
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Shadows’ convergence: Useful identities

We now have

[ dax — Jay 1?4 1da-1x = Jpay | = 19a T = JaTy|I> = [[dg-1 Tx — Jaa Ty |12
= [|(Ild = T)x — (Id = T)y||? + 2(JaTx — JaTy, Jg-1 Tx — Jo1 Ty)
>0
+ 2<JBRAX — JgRay, Jg-1Rax — Jg-1 RAy> .

>0
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Shadows’ convergence: Useful identities

We now have

[ dax — Jay 1?4 1da-1x = Jpay | = 19a T = JaTy|I> = [[dg-1 Tx — Jaa Ty |12
= [|(Ild = T)x — (Id = T)y||? + 2(JaTx — JaTy, Jg-1 Tx — Jo1 Ty)
>0
+ 2<JBRAX — JgRay, Jg-1Rax — Jg-1 RAy> .

>0

Hence we conclude that

[JaTx = JaTy |2 + [ Ja-1 Tx — Jp1 Tyl < [ Jax — Jayl? + [ dg-1x — Ja-ry %
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Shadows’ convergence: Useful identities
We now have

[ dax — Jay 1?4 1da-1x = Jpay | = 19a T = JaTy|I> = [[dg-1 Tx — Jaa Ty |12
= [|(Ild = T)x — (Id = T)y||? + 2(JaTx — JaTy, Jg-1 Tx — Jo1 Ty)
>0
+ 2<JBRAX — JgRay, Jg-1Rax — Jg-1 RAy> .

>0

Hence we conclude that

aTx = JaTy |2 + [l a2 Tx = Jaa TyII? < [Jax = Jayll? + [ Ja-1x = Jaay 2.
Working in X x X, we can just write

1(daTx, Ja1 T5) = (Ja Ty, Jas T)II? < [l (Jax, da-1x) = (Jay, Ja-y) |12
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Shadows convergence: A simplified proof
Recall that the so-called Kuhn—Tucker set is defined by

S:=S8npy =1{(z.k) EXxX| —k€Bz ke Az} CZxK.
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Shadows convergence: A simplified proof
Recall that the so-called Kuhn—Tucker set is defined by

S:=S8npy =1{(z.k) EXxX| —k€Bz ke Az} CZxK.

Theorem
Suppose that Z = zer(A+ B) # &. Let x € X and let (z,k) € S. Then the
following hold:

(i) For every n € N, we have
[(Ja T 1, Jp s TEx) = (2, k)P < (1(JaT %, Ja 1 T7%) = (2, k)12,
i, (JaT"x, Jy 1 T"x)pen is Fejér monotone with respect to S.
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Suppose that Z = zer(A+ B) # &. Let x € X and let (z,k) € S. Then the
following hold:

(i) For every n € N, we have
[(Ja T 1, Jp s TEx) = (2, k)P < (1(JaT %, Ja 1 T7%) = (2, k)12,
i, (JaT"x, Jy 1 T"x)pen is Fejér monotone with respect to S.

(it) (JaT"x, 41 T"x) e converges weakly to some point in S.
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Shadows convergence: A simplified proof
Recall that the so-called Kuhn—Tucker set is defined by

S:=S8npy =1{(z.k) EXxX| —k€Bz ke Az} CZxK.

Theorem
Suppose that Z = zer(A+ B) # &. Let x € X and let (z,k) € S. Then the
following hold:

(i) For every n € N, we have
[(Ja T 1, Jp s TEx) = (2, k)P < (1(JaT %, Ja 1 T7%) = (2, k)12,
i, (JaT"x, Jy 1 T"x)pen is Fejér monotone with respect to S.

(it) (JaT"x, 41 T"x) e converges weakly to some point in S.

Proof.
(i): We have z + k € Fix T (details omitted).
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Shadows convergence: A simplified proof
Recall that the so-called Kuhn—Tucker set is defined by

S:=S8npy =1{(z.k) EXxX| —k€Bz ke Az} CZxK.

Theorem

Suppose that Z = zer(A+ B) # &. Let x € X and let (z,k) € S. Then the
following hold:

(i) For every n € N, we have
[(Ja T 1, Jp s TEx) = (2, k)P < (1(JaT %, Ja 1 T7%) = (2, k)12,
i, (JaT"x, Jy 1 T"x)pen is Fejér monotone with respect to S.

(it) (JaT"x, 41 T"x) e converges weakly to some point in S.
Proof.

(i): We have z + k € Fix T (details omitted). Therefore (Vn € IN)
(z,k) = (Ja(z+ k), Jg-1(z+ k))
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Recall that the so-called Kuhn—Tucker set is defined by
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(i): We have z + k € Fix T (details omitted). Therefore (Vn € IN)
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Shadows convergence: A simplified proof
Recall that the so-called Kuhn—Tucker set is defined by

S:=S8npy =1{(z.k) EXxX| —k€Bz ke Az} CZxK.

Theorem

Suppose that Z = zer(A+ B) # &. Let x € X and let (z,k) € S. Then the
following hold:

(i) For every n € N, we have
[(Ja T 1, Jp s TEx) = (2, k)P < (1(JaT %, Ja 1 T7%) = (2, k)12,
i, (JaT"x, Jy 1 T"x)pen is Fejér monotone with respect to S.

(it) (JaT"x, 41 T"x) e converges weakly to some point in S.

Proof.

(i): We have z + k € Fix T (details omitted). Therefore (Vn € IN)

(z,k) = (Ja(z+ k), Jg1(z+ k) = (JaT"(z+ k), Jy-2 T"(z + k)). Apply
[T Js T) = Ua Ty, daa T < 1 (Jax, Jaix) — Uavs Jacay) 2
with (x, y) replaced by (T"x,z + k).
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Shadows convergence: A simplified proof
Recall that the so-called Kuhn—Tucker set is defined by

S:=S8npy =1{(z.k) EXxX| —k€Bz ke Az} CZxK.

Theorem
Suppose that Z = zer(A+ B) # &. Let x € X and let (z,k) € S. Then the
following hold:

(i) For every n € N, we have
[(JAT ™ x, g s TX) = (2, k)12 < (AT %, Ja 1 Tx) = (2, k) |12,
i, (JaT"x, Jy 1 T"x)pen is Fejér monotone with respect to S.

(it) (JaT"x, 41 T"x) e converges weakly to some point in S.

Proof.

(i): We have z + k € Fix T (details omitted). Therefore (Vn € IN)

(z,k) = (Ja(z+ k), Jg1(z+ k) = (JaT"(z+ k), Jy-2 T"(z + k)). Apply
[UaTx, Jas TX) = (IaTy Jad TV < (Jax, Jpsx) — (Jay, Jaav) 2
with (x,y) replaced by (T"x,z + k). (ii): We prove the weak cluster points
of the bounded sequence (JAT"x, J4-1 T"x)pen lie in S (details omitted).
Now combine with (i) and use the classical Fejér monotonicity principle.  [J
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